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APPLICATION TO NONLINEAR EQUATIONS WITH 

SINGULARITIES 
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Abstract. We give the regularization for fractional integral by delta sequence 
and apply it to obtain existence-uniqueness theorems in Colombeau algebras for 
nonlinear equations with singularities: nonlinear system of integral equations with 
polar kernel and nonlinear parabolic equations (of ordinary type, with nonlinear 
conservative term and with Schrodinger kernel) with strongly singular initial data 
and non-Lipschitz nonlinearities. In a case of nonlinear parabolic equations we do 
in fact regularization of heat semigroup with delta sequence with respect to the 
time variable t. We do the same for linear Schrodinger equation. 

1. Introduction 

Fractional time derivatives have been considered in many problems in mechanics 
with application to ordinary fractional differential equations in mechanics (cf. [17]). 

In recent years considerable interest to fractional calculus has been stimulated 
by various applications of that calculus in numerical analysis and different areas of 
physics and engineering possibly including fractal phenomena (cf. [12]). 

The purpose of this paper is study of effects of fractional derivative term in system 
of nonlinear integral equations, nonlinear parabolic equations and linear Schrodinger 
equation. 

We find a fractional derivative term in system of nonlinear integral equations 
with polar kernel and in heat kernel in nonlinear parabolic equations as well as in 
Schrodinger semigroup in linear Schrodinger equation. We regularize it by delta se- 
quence with respect to t to obtain existence-uniqueness theorems in Colombeau vector 
type spaces. 

The content of the paper is the following. 

We give the regularization for fractional integral by delta sequence and obtain 
the logarithmic boundedeness of fractional derivative of delta distribution. Then, 
we apply it to the system of nonlinear Volterra type integral equations with polar 
kernel and singularities for free term to obtain the existence-uniqueness theorems in 
Colombeau space (G(I)) n , where I is an interval around zero. 
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We give the regularization for heat kernel by delta sequence with respect to the 
time variable t to nonlinear parabolic equations of ordinary type, parabolic equations 
with nonlinear conservative term and nonlinear parabolic equations with Schrodinger 
kernel with strongly singular initial data and non-Lipschitz nonlinearities. We apply 
the results for regularized fractional integral to obtain the existence-uniqueness theo- 
rems in Colombeau vector type spaces ^c , i j (lp i l9)([0, T), R n ), 1 < p, q < oo, for those 
choices of p, q and the dimension space n for which corresponding Colombeau space 
is an algebra with multiplication. For example, it holds for p = q = 2, n < 3 due to 
Sobolcv imbedding theorems. 

We do the same for linear Schrodinger equation with strongly singular potential 
and the initial data. 

Let us mention that the pioneering work concerning the regularization of semi- 
groups of nonlinear PDEs with respect to the time variable t in Colombeau algebra 
was done in [6]. 

2. Colombau algebras 

For general theory of Colombeau generalized functions and for the algebra Q(Q), 
where Q is an open set, cf. [7], [8], [2], [15] and recently [9], [10]. We recall the basic 
definitions from [9]. 

Suppose that Q, is an open set. Define £(Q) = (C°°(f2)) 7 , 

£ M (n) = {{u £ ) £ G £(Sl)\VK CC G N"3iV G N with sup \d a u £ {x)\ = 0{e~ N ) 

xeK 

as e — > 0}, 

Af(Q) = {(u £ ) £ G £(Sl)\VK CC {IVa G N^Vs G N : sup \d a u £ {x)\ = 0{e s ) as e -» 0}. 

xeK 

Elements of £m(P) an d A/"(0) are called moderate, resp. negligible functions. The 
Colombeau algebra on Q, is defined as G{Q) = £m(^) /JV(fi). 
Recall the construction of the Q p<q (Q) algebras from [3]. 

Let C R™ be open, m£Z,l<p< oo. Denote by W m > p (VL) usual Sobolev space 
whose all derivatives up to the order m are finite in corresponding norm. Then, 

w°°*{vl) = n m w m ' p (n), w-°°' p (n) = u m w~ m ' p (n). 

Let 1 < p, q < oo. Define 

£(tt) = {u\(0, oo) x Q R such that u £ (x) is C°° in x G Q, Ve > 0} 
£ p (n) = {ue £{9), such that u £ G W°°' p (n), Ve > 0} 
£m, p { Q ) = {u€ £ P , such that Va G N%3N G N such that \ \d a u £ (-)\\ p = 0{£~ N ),£ -» 0} 

Np,q{n) = {ue £ M ,p( n ) n£ q( n ) SUch that V « G N 0VS G N, \\d a U £ {-)\\ q = 0( £ S ), £ -» 0} 

where ||- |L denotes L p -norm. For properties of these spaces see [3]. Colombeau space 
G p ,q([0, T), R n ), 1 < p, q < oo is the factor set 

g p>q ([0, T), R") = £ M , P m T), R n )/Af p>q ([0, T), R"). 

We shall give the construction of Colombeau vector type spaces Gc 1 alp,li)($i T),~R n ), 
1 < P, Q < oo- All of these spaces are not algebra with multiplication. For n < 3, 
p = q = 2 due to the Sobolev imbedding L 2 (R n ) C L°°(R n ), the Colombeau vector 
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type space Q c i i L i L 2)([0, T), R ra ) is an algebra with multiplication. For the proof cf. 
[14]- 

Let £1 be an open set in R", 1 < p, q < oo. 

Space ^c 1 ,(lp,l , ?)([0) T), R n ) is a vector space of nets (G £ ) £ such that 

G £ e C°([0,T),L p (R n )) nC 1 ((0,T),i/(R n )), e < 1, 

with the following property: VTi € (0,T)3N E N such that 

max{ sup \\G e (t)\\ LP , sup ||^G e (t)|| LP } = 0(e~ N ), e -> 0. (1) 
te[o,T) te[Ti,r] 

If 

max{ sup ||G e (t)|| Lfl , sup ||^G e (t)|| L ,} = 0(e s ), e -> 0, 

t6[0,T) t€[T u T] 

holds for Vs G N we obtain null space JV"c 1 ,(lp,L9)([0) R n ). Colombeau vector type 
space is defined as the quotient space 

aci,(L,,L< ; )([0,T),R") = f cl)LP ([0,r),R")/^ c i i(LP , Lg) ([0,T),R"). 

3. Basic facts from fractional calculus 

Fractional integrals are defined as a generalization of Cauchy formula for a repeated 
indefinite integral 

■T 1 fit) := f n (t) = [\t - r)"-V(T)dr, t >, n € N, 

(n - 1J! Jo 

where Jf is a primitive function of / : 

(J/)(t) := /*/(r)dr, 

and J n denotes the n th power of J. 

For an arbitrary real number a > and sufficiently regular function / on R we 
define fractional integral of order a > 

J a f(t) := -L /"*(* - r) a -7(r)dr, t > 0, a G R+. (2) 
1 (a) J 

The equation (2) can be expressed in terms of distributions for arbitrary complex 
number a (cf. [11]), as 



t a-l 



*a(t):={ W)> a>0 ' (3) 
D( n ><5> a+n , a < 0, a + n > 0, n € N, 

(where Z?( n )is the n th distributional derivative) in the form J a f := <fr a * f + , where 
f+(t) := H(t)f(t), H(t) is the Heaviside function, convolution is defined in distribu- 
tional sense. The distribution t^T 1 for a > is defined by 

t a-l = / t < 



t"" 1 4 > 0. 

For other values of a this distribution is defined by analytic continuation or by regu- 
larization of divergent integrals (cf. [11]). We have 

J a f(t) = <t>a * f{t), a > 0, and D* a = $ Q _i, 
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and semigroup property holds 

M*) **/?(*) = *<*+/?(*)> a,P>0. 
With interpretation of the quotient as a limit if t = (cf. [12]) 

where 5^ (t) is the generalized derivative of order n of the Dirac delta distribution. 
Then, 

^f(t) = f {n) (t) = *_„(*) * /(*) = J Q f(r)5^(t - r)dr, t > 0, 

since 

f + f(r)5^(r - t)dr = (-l) n f n (t), 5^(t - r) = {-l) n 5^{r - t). 
The formal definition of fractional derivative could be 

In general, 3>_ a (i) is not locally absolutely integrable and integral is divergent. 

In order to obtain the definition that is still valid for classical functions we regularize 
the divergent integral by delta sequence. Instead of the function / in (4) we shall 
use the mollifier 4> £ {t) = \lne\(f)(x • \lne\) (resp. using {ln\lne\)) where <p(t) G Cq°(R), 
<f>(t) > 0, J<j>(t)dt = 1. 

We shall consider three different cases with various values of a. 

1. Consider (4). For the elements of the set n £ N , $- n (t)*(f) E (t) = (t) * <p e (t) . 
We shall find L 1 -norm of the above convolution for later use. We have 

\\*- n (t)*MmLi = ¥ n Ht)*Mt)\\v 

= \\5(t)*D^Mt)\\ L i = \\D^Ut)\\v < C\lne\ n 

where denotes distributional derivative. 

t «-i 

2. Let a > 0. Then, 3> a (t) := r^jj) a > 0, and fractional integral is given by (2). 

Then, J°/(t) = * Q (t) * f(t), a>0. Then, ||J a ^(-)|Ui < II^OIIli ll^Olb < C- 
By this, we cover the case < a < 1. 

3. Consider the case a < 0. By classical definition (3) of the function & a (t) for 
a G R+, a = -a, a > 0, we have = D^$_Q +n (t), a > 0, -a + n > 0, n € N, 
(a < n). Then, 

■/ _a &(t) = T^-rz f (t - r)-"-V e (T)dT, a € R+, t > 0, 
r(— a) Vo- 

and 

J~°Mt) = *-a * = £>"$-a+n(*) * = $-a+n(*) * "« + n > 0. 

By case 2. 

||J- a ^ e (t)|| L i < ||*_ a+n (t)|| L i||D> e (*)|Ui < C\lne\ n . 
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Thus, we have for each a G R 

\\\x\ a - X * & (x)\\rl < I ^ Whella>0 ' f 5 ) 

* 9e\x)\\iA ^ I C|/ne| m when a < 0, m > a, a = -a, a > 0. {0) 
We have just proved the following Lemma. 
Lemma 1. Fractional integral of the delta sequence 

J a Mt) ■= t^t f\t ~ rr^M^dr, t > 0, a G R, 
1 (a) Jo 

where <f>{x) G Cg°(R), > 0, / <f>(x)dx = 1, and <^> £ (x) = \lne\(j)(x ■ \lne\) (resp. 
using (ln\lns\) instead of \lne\) has the following bounds in L l -norm: 

{C when a > 0, 
C\lne\ m {resp. (ln\lne\) m ) when 
a < 0, m > a, a = —a, a > 0. 

Corollary 1. When a = we have \\vpr^ * <f> E (x)\\Li < C\lne\ m , m > 0. 

4. Application to nonlinear Volterra integral equation 

Consider a system of nonlinear Volterra integral equations with polar kernel 

f(x) = g\x) + f tp^JMl dy, x G /, i = 1, .., n, a G R, (6) 
Jo | a; — y| + 

where J is an interval around zero, g l {x) G K l G Lf£ c (I x I x R 2n ) and it is 

not of Lipschitz class, i = 1,2, ...n. 

Theorem 1. Nonlinear system of integral equations (6) with three type of singular- 
ities: g(x) G (V'(I)) n , K(x,y, f(y)) G (Lf£ c (I x I x R 2n )) n is nonlinear and non- 
Lipschitz, and integral is divergent on the set {y\y = x} has a unique solution in the 
space [f £ (x)] G (G(I)) n . 

Proof. The function K l is substituted by K\ and g % by g l £ , i = 1, ...,n, e G (0, 1], 
in order to avoid non-Lipschitz nonlinearity of K % and singularities of g l , i = 1, n. 
For given # = (p 1 , g n ) G (X>'(-0) n , we put g\ = (g l K £ ) * <p £ , i = l,...,n, where 



_ J 1 on J 2£ 

0on/\/ £ , 



I = (—a, a), /j e = (— a + je, a — je), j = 1,2 and e (x) = |/ne|0(x • |/ne|), x G R, 
is mollifier with the properties: <fi G <S(R), / (f>(x)dx = 1, / x l3 <f>(x)dx = 0, for all 
jS G Nq . If a = — oo, or b = oo then a + je = — oo, or 6 — je = oo. 
By cut-off method (cf. [16]) we have 

\VK £ (x,y,f £ (y))\ <C\lne\ b , (resp. < C(ln\lns\)), 

where b will be determined to handle the problem under consideration. Then, the 
integral is singular only due to \x — y\ a . 

Consider the convolution form of the above equation 

f £ (x) = g £ (x) + K £ (x,y, f £ {y)) * {x^ 1 * <f> e [x), (7) 
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where we regularized fractional part of the integrand by delta sequence to avoid the 
divergence of the integrand along the diagonal x = y. In integral form we have 

fe(x) = 9e {x) + ! X ! Y X,V \-a+? ^ X ~ » ~ ( 8 ) 

JO JR \x - y\ a+L 

By Holder inequality 

\fe(x)\ < Cllne] 1 + f X \\K £ (x,y,f £ (y)\\ L -\\<f> £ (x - y) * \x - y\%- l \\ L idy. 
Jo 

Let a < 0. By (5) 

f £ (x)=g £ (x) + [ X \\VK £ (x,y,ef £ (y))\\ L ~ sup \f £ (y)\\lne\ m dy, -a + m > 0, 
Jo y 

where a = —a, a > 0. Gronwall inequality yields 

\f £ (x)\ < C\lne\ x exp (C\lne\ b+m ) < Ce~ N , 3N > 0, 

where m > a, i.e. b + a < 1. For a > due to (5) we have only the condition b < 1. 
Consider /3* h -derivative, (3 G N , f3 > 1. We have in (8) 



D?f £ (x) = D?g £ (x) + [ X [ K £ (x,y,f £ (y)) dx ^ dsdy. 
J o J rt | y | 

By Holder inequality we obtain 

D?f £ (x) = DPg £ (x) + f sup \VK £ \ sup \f £ (y)\\\d^ £ (x -y)*\x- y^W^dy. 

Jo y y ( 9 ) 

We shall calculate the first 

II^^H^ir'lU 1 < / \(Mx)*dP\x\ a + - 1 )\dx 

Jr 

= 11 \{a-l){a-2)...{a- f5-l)\\(t) £ {s)\\x- s\ a - l - p dsdx. 
jr Jr 

By Lemma 1 we have 

{C when a > 0, a > /3, 
C|/ne| m , a > 0, a < 0, m > -(3 + a 
C\lne\ m a < 0, a - /3 < 0, m > -a - ft, a = -a, a >(QD) 

Setting this in (9) we obtain for a < 

D?f £ (x) = D^g £ {x) + f \lne\ b sup \f £ (y)\\lne\ m dy, m > -a - (3, a < [3. 
Jo y 

Since g{x) € ^'(/) we shall give a regularization as in ([16]) \\n £ f(x) * 4>£{x)\\l°° < 
C\lne\. Then Gronwall inequality yields 

\D p f e {x)\ < C\lnef +1 + /"* |^£| 6+m sup |/ e (y)|dy, m > -a - (3, a < (3, a > 0, 

Jo y 

and 

\D p f e {x)\ < C\lne\ 1+l3 exp(C\lne\ b+m ) < Ce~ N , 3N > 0, x € R, e < e , 

where m > —a — (3, b + m < 1, 6 < 1 + a + /?. This condition is included in the 
condition imposed at the first step m > a, b < 1 — a. 
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If a > we have by (10) 
Gronwall inequality yields 



I^AOzOI < C|/ne| 1+/3 exp(c| 



C a > 0, a > /3 ,6n < r -N 

C\lne\ m , a>0, a < /3, m> -f3 + a 1 N - ' 



3iV > 0, x € R, e < £o, under the condition 6 < 1, when a > f3, and 6 + m < 1, 
6<l + /3 — a, a < (3, what is included in the first step condition 6 < 1. Thus, we 
have the moderateness of the solution f £ (x) G £m(I)- 

Let us prove the uniqueness. Suppose that fi £ (x) and f 2e (x) are two solutions to 
the equation (8) and denote their difference by F £ {x). Then, we have 

\F £ {x)\ < [ X \K £ (x,y, f l£ (y)) - K £ (x,y, f 2£ (y))\ ^ ~ V ~^ dsdy + d £ (x), 

Jo \x-y\+ ( U ) 

where d £ (x) G JV(I). By mean value theorem 

\K £ (x,y,f l£ (y))-K £ (x,y,f 2£ (y))\ < C\f l£ (y) - f 2e (y)\ 
-I 



\VK £ (x,y,9f le (y) + (1 - 9)f 2e (y))\d9 < C\F £ (y)\\lne\ b . 
Setting this in (11) we obtain 

\F £ {y)\ < C f sup {FMWlnefWMx -y)*\x- y\T X \\^dy + d £ (x). 
Jo y 

Applying Lemma 1 we obtain for a = —a < 0, where a > 

\F £ (x)\ <C f X sup \F £ (y)\\lne\ b+m dy + d e (x), m>a. 
JO y 

Gronwall inequality yields 

\F £ (x)\ < Cd £ {x) exp (C\lne\ b+m ) < Ce s , Vs G N, x G R, e < 1, 

when b + m < 1, m > a, i.e. b + a < 1. 
If a > by Lemma 1 we have 

|F e (x)| <C rsup[F £ (y)||/ne| 6 dy + d £ (x). 

JO J/ 

Gronwall inequality yields 

\F £ (x)\ < Cd £ (x)exp(C\lne\ b ) < Ce s , Vs G N, x G R, e < e , 

when 6 < 1. 

Consider /3 t/l -derivative, (3 G No, /3 > 1, applied on F e (x) in the equation (9) to 
obtain 

\DPF £ (x)\< f I / VK £ (x,y,0/ l£ + (l-0)/ 2£ )d0| 
JO Jo 

sup |F £ (y)|(||0 £ (x - y) * ^ |x - y^W^dy + d £ (x), < 6 < 1. 
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By (10) we have 

x ( C when a > (3, a > 

\fP(x)\<C \lne\ b sup \F £ (y)\ I C\lne\ m , when a > 0, a - (3 < 0, m > a - (3 
Jo y { C\lne\ m , a < 0, a- [3 < 0, m> -a- (3 

dy + 4 Ca- 
using the null properties of F e (x) from the first step of the induction we obtain 

{C when a > (3 a > 
C\lne\ m , when a>0a-/?<0, m > a - [3 )< Ce s , 
C\lne\ m , q<0, a - (3 < 0, m> -a- (3 

VsGN, e < eq, x G R, under the condition 

6 < 1, q-/3>0, a> 
b + m < 1, m > a — /?, a>0, a — /? < 
b + m, m > —a — (3, a < 0, a — /? < 

which is included in the condition imposed at the first step 

f b < 1, a > 

\ 6 < 1 - a, a < 0. 

Then, F e (x) € A/"(7). Follows f\ e (x) w f2 £ {x), the solution is unique. 
Thus, there exists a unique solution in the space [/ e ] € (C?(/)) ra . □ 

Remark 1. TTie condition imposed on parameters gives a link between the singularity 
of the fractional integral and non-Lipschitz nonlinearity of the kernel K. The singular- 
ity of the fractional integral is reflected by the growth of the mollifiers. The singularity 
of the free term is reflected by (\lne\)-boundedeness which is necessary for moderate- 
ness in applying Gronwall inequality. When we consider {ln\lne\)-boundedeness for 
both K and fractional part, the slower growth of mollifiers contributes to the moder- 
ateness. 

5. Application to nonlinear parabolic equations with strongly singular 

initial data 

Consider nonlinear parabolic equations with strongly singular initial data and non- 
Lipschitz nonlinearity for free term for ordinary nonlinear parabolic equations (cf. 
[4]), equations with nonlinear conservative term (cf. [5]) and parabolic equation with 
Schrodinger kernel (cf. [14]). 

We shall prove the existence-uniqueness theorems in the Colombeau vector type 
spaces Gc 1 ,{L,p,L<i){^i T), R n ), 1 < p, q < oo, using the regularization for fractional 
part of the heat kernel by delta sequence with respect to the time variable t. 

We shall consider: 

1. Cauchy problem for nonlinear parabolic equation 

d t u = Au + g(u), t > 0, x G R ra , u(0, x) = fi(x), (12) 

where g{u) G L^ c ([0, T), R ra ) and does not satisfy Lipschitz condition, /i(x) G A4 k (R n ) 
C V (R n ), k G Z+, where M k (R n ) is the strong dual of Banach space C 5 fe (R n ) of all 
C k (R n ) functions with bounded derivatives up to the order k. For example, strongly 
singular initial data are given in the form of regularization by smooth mollifiers of sum 
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of derivatives of Dirac measures. We put some conditions on mollifiers regularizing 
the leading term of the initial data: 

4> e G C °°(R n ), / <f> e (x)dx = 1, lim 4> £ {x) = 5{x) 

in V'(R n ) where 4> £ (x) = \lne\ an (f)(x ■ \lns\), e > 0, and 5(x) stands for the Dirac 
measure massed at the point zero (cf. [13]): 

n k 

limWx) = u (x) :=J2^2 a ^ {j) (x-^i), inP'(R n ). 
i=l j=0 

2. Cauchy problem for nonlinear parabolic equation with conservative nonlinear 
term 

d t u - Au + d x ■ g(u) = 0, t > 0, x G R n , u(0,x) = u (x) = D k ^(x), 

(13) 

where u = (u 1 ,...,u m ), g{u) = (g(u), g n {u)) G Lf£ c ([0, T), R n ), d x ■ g(u) = g{u) ■ 
Vu = Y?j=i 9j( u )dxjU, k > 0, where the initial data are the following: 

H{x) = \D\ k ij), ip G L p (R n ), k>0, 

1 < p < oo, L> = (-A) 1 / 2 , V G L p (R n ), 1 < p < oo. We use the following 
regularization for the initial data: 

fi £ (x) = D k i,(x) * <f, e (x) = i>(x) * D k M*), Y> e i p (R n ), = \lne\ an 4>{x ■ \lne\), 

and then 

IMOIU* < C||Z> fc ^(-)|| L i < ClZnel^- 1 )^. 
As the initial data we can consider the powers of delta distribution uq(x) = 5^\x), 
(3 G (0, oo), x G R ra . Without loss of generality suppose that uq(x) = 5(x), 5 £ (x) = 
\lne\ an <p{x ■ \lne\), <j){x) G C£°(R n ), J <f>(x)dx = 1, 4>{x) > 0. 

3. Nonlinear parabolic equation with Schrodinger kernel, delta as the potential 
and delta as the initial data: 

(d t - A)u + V{x)u + g{u) = 0, u(0, x) = u (x), x G R n , (14) 

where V(x) and uq(x) are the singular distributions, say ^-distributions, g(u) G 
Lf£([0, T), R ra ), is nonlinear, non-Lipschitz. The initial data and potential could 
be sum of derivatives and powers of ^-distribution. Without loss of generality we 
shall consider the case when uq{x) = V(x) = 5(x). 

5.1. Nonlinear parabolic equation (12). Consider regularized equation (12) 

d t u £ (t,x) = Au £ (t,x) + g £ (u £ (t,x)), u Qe {x) = S £ (x), (15) 

where 

S £ (x) = \lne\ an ^(x ■ \lne\), \Vg £ {9u £ )\ < C\lne\ b , (16) 

4>(x) G Co°(R n ), (f> > 0, / <f)(x)dx = 1, g(u) is regularized by cut-off to avoid non- 
Lipschitz nonlinearity and the heat semigroup is regularized as follows. 
We shall regularize heat kernel in L 1 -norm. We have 

E n£ (t,x- y) = E n (t,x- y) * 4> £ (t) = / E n (t -t,x- y)<f> £ (T)dT 

JR. 
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where 

E n (t - T ,x-y) = (47r(t - r))-™/ 2 exp (-|x - y\ 2 /(4(t - r)). 

Then, 

\\E n£ (t,x--)\\ L i = I I \(A7r(t-r)r n / 2 \\e W (-\x-y\y(4n(t-T))\\Mr)\dr\dy, 

JR» JR 

and 

d%E n£ (t, x-y) = d%E n {t, x-y)* &(t) = [ d%E n (t -t,x- y)0 e (r)dr 

JR 

<C [ (47r(t-r))^/ 2 (t-r)-^e X p(-|x-y| 2 /(4(t-r)))0 e (r)dr. 
JR 

Since from [5] we have 

\ lt k/2 + n/2(l-l/r) d fl En{tr)l \ Lr < < fc, 1 < r < CX), (17) 

by Fubini theorem we obtain 

\\d%E n (t,x--)\\ L i<C f I \(t-Tr n ^\\MT)\\ewHx-y\ 2 /m-T))\dydT, 
and by (17) we continue 

< C f (t-T)^/ 2 \\(t-Tf^E n (t-T,x--)\\ Ll dr. 

JR 

Since ||(t - rfl 2 d^E n (t -t,x- < C we obtain 

\\d%E ne (t-T,x--)\\ L i < | c n n i ln£ \L when/3 > 2 , m> 13/2-1, no , 

(18) 

where we used the (£n|lne|)-boundedeness of the heat semigroup to accomplish the 
moderateness in corresponding Colombeau space. 

Theorem 2. The regularized equation (15) to the nonlinear parabolic equation (12) 
where uq(x) = S(x), g(u) € Lf£ c ([0, T), R n ) is nonlinear and non-Lipschitz has 
a unique solution in Colombeau vector type spaces ^c 1 ,(lp,L9)([0> T), R n ) for those 
choices 1 < p, q < oc for which corresponding Colombeau space is an algebra with 
multiplication. For p = q = 2 the space Qc x ,{L 2 ,L 2 ) ([0) T), R") is an algebra with 
multiplication for n < 3. 

Proof. Consider regularized integral form of the nonlinear parabolic equation (12) 

u £ (t,x)=[ E n£ (t,x - y)u 0e (y)dy + [ [ E n£ (t - t,x - y)g £ (u £ (r,y))dydT, 
JR n JO JR" 

t e [0,T), x G R™. We have in L^-norm 

\\u £ (t, -)\\ LP < \\E n£ (t,x - OlMKteOlli" 

+ f \\E n£ {t - T,X - -^L^Vg^eu^L^U^T^^LvdT. 
JO 



Then, by (18) 



\u £ (t,-)\\ LP < Cllne^ 1 - 1 ^ + f C\lne\ b \\u £ (T,-)\\ L vdr. 

Jo 
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Gronwall inequality yields 

\\u £ (t,-)\\ LP < C\lne\ n ( 1 - 1 M exp (CT\lne\ b ) < Ce~ N , 

3N > 0, t G [0,T), T > 0, x G R n , b < 1. The same holds for the first derivative. 
Consider /3 t/l -derivative, /? > 2, 

dxU £ (t,x)=[ d%E n£ (t,x-y)u 0£ (y)dy+ [ [ d%E n£ (t-T,x-y)g £ (u £ (T,y))dydT. 

JR" JO JR" 

We have, 

||^u £ (t,-)||L, < \\dP x E n£ (t,x--)\y\\u 0£ (-)\\ LP 

+ [\\d^E n£ (t-T,x--)\\ L i\\Vg £ (eu £ )\\ L ^\\u £ (r r )\\ LP d^ 
J o 

Then, 

||a£u e (t,-)||LJ> < C(/n|Zn £ |nM n(1 ~ 1/p) + /* C(/n|/ne|n/ne| fe ||n £ (r, -)IMr, 

Jo 

where m > [3/2 — 1. Using the moderateness of u £ (t,x) from the first step we obtain 

||a£u e (t,-)||LP < C(/n|Zn£|) m |Zn £ r( 1 - 1 / p ) + {CT{ln\lne\) m \lne\ h e~ N ) < Ce~ N , 

3N > 0, t G [0, T), x G R ra , e < e , where 6 < 1, m > /3/2 - 1, /? > 2. 
Thus, u £ (t,x) G £ M , P ([0,T),R"). 

Consider the uniqueness. If we suppose that W £ (t,x) = u± £ (t,x) — U2 £ (t,x) where 
ui £ (t,x) and U2 £ (t,x) are two solutions to the equation (15), then, we should to solve 
the equation 

d t W £ (t,x) = AW £ (t,x) + w £ (t,x)W £ (t,x) + N £ (t,x) 
u 0£ (x) = N 0£ (x)eU p , q (R n ), N £ (t,x) e M c i XLPM) ([0,T),-R n ), 

w £ (t,x)= [ V u g £ {6u l£ (t,x) + {l-0)u 2£ {t,x))de. 
Jo 

In integral form we have 

W £ (t,x)=[ E n£ (t,x -y)N 0e (y)dy + f [ E n£ {t - t,x - y)w £ (T,y)W £ (r,y)dydT 

iR" JO JR.™ 

+ [ [ E n£ (t-T,x - y)N £ (r, y)dydr. 
Jo JR" 

In L^-norm, where 1 < q < oo we obtain 

\\W £ {t,-)\\ Lq < \\E n£ {t,x--)\\ L i\\N 0£ (-)\\ Lq + f l \\E n£ {t - t,x - ^WliWw^t,-^^ 

Jo 

\\W £ (r, -)\\ Lq dT + f\\E n£ {t - T ,x- -JIMI^r, Ollwdr. 

JO 

Then, 

\\W £ (t,-)\\ Lq < Ce s + [ \lne\ b \\W £ (r,-)\\ Lq dT+ [ Ce s dr. 

Jo Jo 
Employ Gronwall inequality to obtain 

\\W £ (t,-)\\ Lq <Ce s exp{CT\lne\ b ) <Ce s , 

Vs G N n , x G R n , e < Eq, where b < 1. The same holds for the first derivative. 
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For /^-derivative, (3 > 2, we obtain 

dgW e (t, x) = f d%E n£ (t, x - y)N 0£ (y)dy + f f d%E n£ (t -t,x- y)w £ (r, y) 

JR™ JO JR n 

W £ {r,y)dydT+ f f d%E n£ (t - r,x - y)N £ {T,y)dydT. 

Jo iR™ 

In L^-norm we have 

\\d%w e (t, oik* < c\\d%E n£ (t,x- OIIliIMMOII Li + \\d^E ne (t - T, X - -)\\ L i 

Jo 

\\w £ (t, -)|M|W £ (t, .)|| L , dr + f \\d%E n£ {t -r,x- OIUiH^Cr, -)IMr, 
for m > (3/2 — 1. By the first step and (18) 

HdfW^i,-)!!^ < C(/n|Zne|) m e s + /* C(ln\lne\) m \lne\ b e s dT + C C{ln\lne\) m e s dT 

Jo Jo 

< Ce s , Vs G N, i G [0,T), x G R™, e < e , under the condition 6 < 1, where 
m> (3/2-1. 

Finally, W e (t,x) G A/" c i,(lp,l 9 )([0, T), R"), 1 < p, g < oo. Thus, the solution 
is unique in the Colombeau vector space Gc 1 ,(lp,l«)($i T), R") for those choices 
1 < p, <Z < oo for which corresponding Colombeau vector space is an algebra with 
multiplication. This is the consequence of the Sobolev imbedding theorems, cf. [1]. 

□ 

5.2. Parabolic equation with nonlinear conservative term (13). The equation 
(13) has the following regularized integral form 

u £ (t, x) = E n£ (t, x) * fi £ (x) + [ VE n£ (t - r, •) * g £ (u £ (r, -))dr, /z e (x) = S £ (x), 

Jo (19) 

where the regularization for each term with subscript e except for the heat kernel, 
are given in (16). 

We shall regularize the gradient of the heat kernel as follows: VE n£ (t, x) = VE n (t, x) 
* 4> £ {t). In L 1 -norm, we have 

\\VE n£ {t- T ,x--)\\ L i= f | f VE n {t-T,x-y)Mr)dT\dy 
< C [ I / (t - T y n l 2 - 1 exp (-|x - y\ 2 )/(4(t - T))<P £ (T)dr\dy. 

JR" JR 

Then, 

\\d^E n£ (t-T,x--)\\ L i = [ \f d^VE n (t-T,x-y)Mr)dr\dy 

JR" JR 

<C J [ |(t-T)-™/ 2 ^||exp(-|x-y| 2 /(4(t-T)))||0 £ (r)|dr^. 

JR" JR 

Apply Fubini theorem to obtain 

\\d^E n£ (t-r,x-.)\\ Ll <C [ [ \(t - T)- n l^~ l \\Ur)\ 

JR JR™ 

| exp (-|x - y\ 2 /{A{t - r))) \dydr. 
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Then, we continue 

<C [ \{t-T)-V 2 -V 2 \\{t-T)W +1 V 2 dPVE n {t-T,X--)\\ L ,dT 

Jr. 

<c [ (t-T)-v 2 -v 2 MT)dT. 

Jr. 

Apply Lemma 1 to obtain 

\\d^VE ne (t-T,x--)\\ L i < | c{ i n ^ £ ^m for m > (p _ iy 2 , (3 > 1. . . 

(zUj 

The initial data are regularized by delta sequence, nonlinear term g(u) G Lf£ c ([0, T), 
R n ) which is nonlinear and non-Lipschitz, it is regularized by cut-off and the fractional 
part of the heat kernel is regularized as described in Lemma 1. We have the following 
Theorem. 

Theorem 3. The regularized equation (19) have a unique solution [u £ ] € Qc^aw^li) 
([0, T), R n ) for those choices 1 < p, q < oo for which the corresponding Colombeau 
space is an algebra with multiplication. In a limiting case, when e — > 0, we obtain the 
solution to the equation (13). 

Proof. Taking the L p -norm, 1 < p < oo of (19) we obtain 
\K(t,-)\\ LP < \\E n£ {t,-)\\ L i\\fi £ (-)\\ LP 

+ f \\VE n£ (t-T,X- ■) | |il 1 1 V^ e (^U e ) | |i~ | |t* e (7-, -) I |ipd7-. 

Jo 

Since fi £ (x) = S £ (x) = \lne\ an (f>(x ■ \lne\) and by (|^roe|)-boundedeness of gradient we 
have t 

\\u £ (t,-)\\ LP <C\lne\ n ( a - 1 M + ( C\lne\ b \\u £ (T,-)\\ LP dT. 

J o 

By Gronwall inequality 

\\u £ (t,-)\\ LP < C\lne\ n(a - 1/p) exp (CT\lne\ b ) < Ce~ N , 
3N > 0, t e [0,T), x e R n , b < 1, a > 0. 

Remark 2. If we use (ln\lne\)-boundedeness for |Vg e | and for the heat semigroup 
then, there is no condition on parameters. Slower growth of mollifiers contributes to 
the moderateness. 

Suppose that [3 € Nff, (3 > 0. Then, we have from (19) 

d%u £ (t,x) = d%E n£ (t,x) * fj, £ (x) + [ [ d%VE n£ (t -t,x- y)g £ {u £ (T,y))dydr. 

Jo Jr." 

By (20) 

\\d^u £ (t,-)\\ L i < C(ln\lne\) m \lne\ n ^ 1 M+ f C{ln\lne\) m \\V g^Ou^ ||u £ (r, -)\\ LP dr. 

Jo 

Using the moderateness of u £ (t,x) to obtain 

\\d^u £ (t,-)\\ LP < C{ln\lne\) m \lne\ n ^- 1/p) + CT{ln\lne\) m \lne\ b e- N < Ce~ N , 

3N > 0, t e [0, T), x <G R n , e < e , m > {(3 - l)/2 under the condition b < 1 what 
is included in the condition imposed at the first step. 
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Thus, we have the moderateness in the space u £ (t,x) G £m,p([0, T), R n ). 
Concerning the uniqueness we should to solve the equation 

d t W £ (t, x) = AW £ (t, x) + w £ (t, x)W £ (t, x) + N £ (t, x) 

W 0£ (0,x) = N 0£ (x) e M p , q (K n ) 

where 1 < p,q < oo, N £ (t,x) G N c ^( L p,Li){[^, T), R n ), W £ (t,x) = m e (t, x) - x) 
where ui £ (i, x) and it2 e (t, x) are two solutions to the regularized equation to (13) and 
w £ (t, x) = Jq Vg £ (t, 9ui £ (t, x) + (1 — 6)u2 £ )d9, < < 1. In integral form we have 

W £ {t,x) = E n£ {t,x)*N 0£ {x)+ f f VE n£ (t-T,x-y)w £ {T,y)W £ {r,y)dydT 

JO iR" 

+ f f VE n£ (t -t,x- y)N £ (r, y)dydr. 

J0 JR" 

In L^-norm where 1 < q < oo, we have 

\\W £ (t,-)\\ Lq < \\E n£ {t,-)\\ L i\\N 0£ {-)\\ Lq + f \\VE n£ {t-T,x--)\\ L ,\\w £ {T,-)\\ L ~ 

Jo 

\\W £ (t, -)\\ Lq dT + /* \\VE n£ (t - T ,x- OMI^r, Ollwdr. 

JO 

Then, we obtain 

\\W £ (t,-)\\ Lq <Ce s + f ' C\lne\ b \\W £ (T,-)\\ Lq dr. 
Jo 

Employ Gronwall inequality to obtain 

||W" e (*,-)||L« < Ce s exp{CT\lne\ b ) <Ce s , 

Vs G N, t G [0,T), x G R n , e < £ , where 6 < 1. 
For /^-derivative we have for (3 > 

dgW e (t,x) = dgE ne (t,x)*N 0e (x)+ f f d?V E n£ {t -r,x-y)w £ {T,y)W £ (r,y)dydT 

Jo JR° 

+ / f d^VE n£ (t - r, x - y)7V £ ( r , y)dydr. 

Jo JR™ 

In L 9 -norm we have 

lia^VJHw < Pf J E„ £ (t,-)||L 1 ||A r o £ (-)llL,+ Al^V^t-r.x-OIUi 

Jo 

\\w £ (t, OlUocHW^r, Olk^r + /' ||«9fV£ n£ (i - r,x - TOt, -)IMt, 

and for m > ((3 — l)/2 due to null property of W £ (i,x) obtained at the first step of 
induction we obtain 

\\dgW e (T,-)\\ Lq <C{ln\lne\) m e s + f C{ln\lne\) m \lne\ b £ s dT + f C{ln\lne\) m e s dT 

Jo Jo 

< Ce s , Vs G N, i G [0,T), x G R n , e < e , m > (/3 - l)/2, under the condition 

imposed at the first step, b < 1. 

Thus, W £ (t,x) G A/" c .i i(L p iL g)([0,T),R n ), 1 < p,q < oo. Follows, there exists the 

unique solution to the equation (13) in the space Gc a ,(Lp,Li)([^^ T), R n ), 1 < p, q < oo, 

for those choices of p, q for which corresponding Colombeau space is an algebra with 
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multiplication. If p = q = 2 due to the Sobolev imbedding theorem for n < 3, 
L 2 (R n ) C L°°(R n ) and the space ^c 1 ,(t 2 ,L 2 )([0) T),~R n ) is an algebra with multipli- 
cation (cf. [14]). □ 

5.3. Nonlinear parabolic equation with Schrodinger kernel (14). Consider 
nonlinear parabolic equation with Schrodinger kernel (14) where uq(x) = S(x), V(x) = 
5(x), g{u) G Lf£ c ([0, T), R n ) is nonlinear, non-Lipschitz and it is regularized as in [16] 
to obtain 

|V&(0u e )| < C\lne\ b , (resp. (ln\lne\)). 

Initial data and potential are regularized as follows: 

u 0e (x) = \lne\ an 4>{x ■ \lne\), V e {x) = \lne\ cn 4>{x ■ \lne\), 

and the heat semigroup has the regularization described in Section 5.1. 
We have in integral form 

u £ (t,x) = E n£ (t,x) * fi £ (x) + [ [ E ne (t - t,x - y)V £ (y)u £ (T,y)dydr 

Jo ( 2 y 

+ [ [ E n£ (t-r,x - y)g £ {u £ {T, y))dydr. 

JO JR" 

Then, in L p -norm, 1 < p < oo, we have 

\\u £ (t,-)\\ L p < \\E ne (t,-)\\ lA \\n e (-)\\ L P+ f' \\E n£ (t-T,X-)\\ L l\\V £ (-)\\ L ^\\u £ (T,-)\\ LP dT 

Jo 

+ f ||S ne (t-r,x--)||Li||V5 £ (^ £ )||L-l|n e (r,-)||L^r. 
Jo 

By regularization (18) given for heat kernel we have for (3 < 1 

\\u £ (t,-)\\ LP <C\lne\^ 1 - 1 M+ f ' C\lne\ cn \\u £ {r,-)\\ LP dT 

Jo 

+ /* C\lne\ b \\u £ (r,-)\\ LP dT. 
Jo 

Employ Gronwall inequality to obtain 

\\u £ (t,-)\\ LP < Cllnel^ 1 - 1 ^ exp(CT(\lne\ cn + \lne\ b )) <Ce~ N , 

3N > 0, e < s , t £ [0,T), x G R n , cn < 1, b < 1. The same holds for the first 
derivative. 

{CTl <C 1 
^ ^ gives the link between the singularity of the 

heat semigroup, nonlinearity of g{u) and the singularity of the potential. Singularity 
of the initial data is given by n(l — 1/p) > what holds and it is necessary that this 
part is logarithmically bounded. 

Consider /^-derivative, (3 > 2. We have in (21) 

d%u e (t,x) = d%E n£ (t,x) *n £ (x) + [ f d%E n£ (t-T,x-y)V £ {y)u £ (T,y)dydT 

Jo JR" 



+ 



/ / dxE n£ (t - t, x - y)g £ (u £ (r, y))dydr. 
Jo Jr." 
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In L p -norm, where 1 < p < oo, we obtain 

\\d^u E (t,-)\\ LP <\\dgE ne (t,-)\\ L i\\» e (-)\\ LP + f\\dP x E n£ {t-T,x--)\\ L A\V £ {-)\\ L ~ 

Jo 

\\U £ (T, -)\\ L vdT + f\\d^E n£ {t -T,X- ■) | |il 1 1 Vflr c (^« e ) | |i~ | |« e (t", -)\\ L vdT, 

Jo 

and by the regularization we have for m > (3/2 — 1 

\\d^u £ (t,-)\\ LP < C{ln\lne\) m \lne\ n{l - 1/p) + f C{ln\lne\) b \lne\ cn e- N dr 

Jo 

+ f C{ln\lne\) m \lne\ b £- N dT. 
Jo 

We used the moderateness of u £ (t,x) obtained at the first step. Thus, 

\\d%(t,-)\\ LP <Ce~ N , 3N>0, te [0,T), x G R™, e < e , 

under the conditions b < 1, cn < 1, imposed at the first step, and m > (3/2 — 1. 
Concerning the uniqueness we should to solve the equation 

d t W £ (t, x) = AW £ (t, x) + V £ (x)W £ (t, x) + w e (t, x)W £ (t, x) + N e (t, x) 

W £ (0,x)=N 0£ (x)eM p , q (R n ), 

where N £ (t,x) G ■^'c 1 ,(lp,li)([^i T),~R n ), W £ (t,x) = u l£ (t,x)-u 2£ (t,x) where u le (t, x) 
and U2 £ (t,x) are two solutions to the regularization for the equation (14), w £ (t,x) = 
Jo 1 Vg £ (t, 9u l£ {t, x) + (1 - 6)u 2£ (t, x))d9. 
In integral form we have 



W £ (t, x) = E n£ (t, x) * N 0£ (x) + f [ E n£ (t - r, x - y)V £ (y)W £ (T, y)dydi 

Jo JR" 



(22) 



+ 



/ / E n£ (t - t,x - y)g £ (u £ (T,y))dydr + / j E n£ (t - t,x - y)N £ (r,y)dydr. 

JO JR.™ JO JR" 

In L^-norm, 1 < q < oo, we obtain 

||w e (t, -)\\ Lq < C\\E n£ (t, OlUillJViteOllw + f\\Ene{t ~T,X- OIIliII^OIU" 

Jo 

\\W £ (t, -)\\ Lq dT + f \\E n£ {t - T ,x- -)|Ui||«; e (T, OIIl-IIW-^t, OHwdr 

JO 

+ / ||S n£ (t-r,x--)|Ui||iV £ (r,-)||L^T. 
Jo 

Employ the regularizations to obtain 

\\W £ (t,-)\\ Lq <Ce s + f C\lne\ cn \\W £ (T,-)\\ Lq dT+ f C\lne\ h \\W £ {T r )\\ Lq dT. 
Jo Jo 

By Gronwall inequality 

\\W £ (t,-)\\ Lq < Ce s exp{CT(\lne\ cn + \lne\ b )) < Ce s , 

Vs G N, x G R™, i G [0,T), e < eq, where the condition cn < 1, b < 1 is imposed 
at the first step in the proof of moderateness. The same holds for the first derivative 
due to (18). 
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For /^-derivative, (5 > 2, we have in (22) 

d%W e (t, x) = d?E n£ (t, x) * N 0£ (x) + f [ d?E ne (t -r,x- y)V £ (y)W e (r, y)dydT 

JO JR" 

+ f f d p x E ne (t -t,x- y)w £ (T, y)W £ {r, y)dydr + f f d^E n£ {r, y)N £ (r, y)dydr. 
Jo JR n Jo jr" 

Then, in L 9 -norm, 1 < q < oo, we have 

||^ £ (t,-)|k<||^ n£ (t,.)|| L i||iVo £ (-)lk+ /*||^(t-r,x-.)IUi|ITOIlL- 

Jo 

\\W £ (t, -)\\ Lq dr + f \\d%E ne (t -r,x- OlUilk^r, OIU- l|W e (r, -)IMr 
jo 




Setting the regularization (18) and due to the null property of W £ (t,x) we obtain 

\\d^W £ (t, -)\\ Lq <C(ln\lne\) m e s + f C{ln\lne\) m \lne\ cn e s dT 

Jo 

+ /*C(Zn|Zne|) m |Zne| 6 e s dr < Ce s , 
Jo 

Vs G N, e < e , t G [0, T), x G R™, m > /3/2 - 1, under the condition b < 1, cn < 1, 
imposed at the first step of induction. 

Thus,W e (t,x) G AA c i i(iPiLq )([0,T),R"), 1 <p,g < oo. 

Follows, the solution is unique in the spaces C/cwlp^QO, T), R n ), 1 < p, g < oo, 
for those choices of p, q for which the corresponding Colombeau space is an algebra 
with multiplication. That is the consequence of Sobolev imbedding theorems. □ 

Remark 4. We can remain the heat semigroup to stay \lne\-bounded and set the 
potential and |V<? £ | to be (ln\lne\) -bounded to obtain existence-uniqueness theorems 
in corresponding Colombeau algebras with appropriate conditions on parameters what 
leads to the balance between the singularities of the initial data, heat semigroup, po- 
tential and the nonlinearity of g. 

6. Application to linear Schrodinger equation with singular potential and 

initial data 

Consider the linear Schrodinger equation with strongly singular potential and initial 
data 

-dtu(t, x) = (A — V(x))u(t, x), u(0, x) = uq(x) = S(x), V(x) = 6(x). 

1 (23) 

The following regularization for delta distribution will be used: 

uos(x) = \lne\ an (p(x ■ \lne\), V £ (x) = \lne\ cn (p(x ■ \lne\), (resp. using (ln\lne\)), 

where <p{x) G C£°(R n ), <f){x) > 0, f <f>(x)dx = 1. 

We shall give the regularization for Schrodinger semigroup with respect to t by delta 
sequence to handle the existence-uniqueness result in the vector space Qc 1 ,{lp,li) 
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([0,T), R ra ). Denote by S n£ (t,x) = S n (t,x) * <f> e (t), where S n (t,x) = (4vrf)-™/ 2 , 
cxp (i\x\ 2 /(4t). Then, 

sup | Sne(t,x) | < sup | / S n (t - t, y)4> £ {T)dr\ 

x x JO 

< sup /* |(4vr(t-r))-«/ 2 || exp (i|x| 2 /(4(t - r)))||^(r)|dr < C /" |(t-r)-"/ 2 ||^(r)|dr, 



since sup^. | exp (i|x| 2 /(4(t — r)))| < 1. This is the fractional derivative of 5-sequence 
and by Lemma 1 it follows 

sup(5 n£ (t,xj| < | c(/n|/ne|) m , form>n/2-l, n>2. 124 j 

Consider the /^-derivative, (3 G Nq , of Schrodinger semigroup. We have d^S n£ (t, x) = 
d%S n (t,x) * 4> £ (t). Since sup,, \d^S n£ (t,x)\ < C(t - r)-™/ 2 "^ we obtain 

sup \d%S n£ (t,x)\ < C [\t - T)- n ' 2 - p 4>e{r)dr. 

x Jo 

By Lemma 1 

snp\d^S n£ (t,x)\ < 



C for n = 1, = 

C{ln\lne\) m for m > (3 + n/2 - 1, /? > 0, n > 2. 



(25) 



We indicate interpolation spaces for noninteger m, from [18]. Suppose that X,Y are 
two Hilbert space, X C Y, X is dense in Y and the injection is continuous. The 
interpolation between the spaces provides a family of Hilbert spaces [X, Y]q, < 8 < 
1, with the following properties: [X,Y] = X, [X,Y]i = Y and X C [X,Y] fl C Y, 
where the injection is continuous and each space is dense in succeeding one. Then, 

\\f\\[x,Y] 9 < <e)\\f\\x e \\f\\Y, v/ g x, ye, i < e < 1. 

We apply this to obtain norm in L p /( p+1 )-space. Since = 1 — then this space 
is settled between L 2 and L 1 . We have L 2 C [L 2 , L 1 ]e C L 1 , 1 < < I. Then, 



and 
Thus, 



IIMOIIlpap+d < cWIK £ (-)lllT e IK e (-)lli 2 , o < < i 

\u e(-)\\ L p/(p + n < cminer^- 1 ^ 1 - 6 ^- 1 ^ 9 , 1 < 9 < 1. 



HMOIIlpAp+U) < c(^)|/ner( a - 1+9 / 2 ), where < (9 < 1. (26) 
Now we can prove the following theorem. 

Theorem 4. Regularized equation to Schrodinger equation (23) with strongly singular 
initial data and potential where the regularizations for potential and initial data are 
given by (16) and the regularization for Schrodinger semigroup is described above, has 
a unique solution in the space G&alp ,l«)([0> R- n )> 1 < <Z < oo, for those choices 
p, q for which corresponding Colombeau vector space is an algebra with multiplication 
(for example, for p = q = 2, n < 3, this holds). 
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Proof. The regularized equation for (23) has the following integral form 

u £ (t,x) = Sne(t,x) *u e(x) + / / S n£ (t - t, x - y)V £ (y)u £ (T,y)dydr. 

Jo Jr™ ( 27 ) 

In L p -norm we have 

\\u £ (t,-)\\ L p < \\S n£ (t,-)\\ L ™\\uo £ (-)\\ LP /( P +i) 

+ f [ \\S n£ (t - r,x - ■)\\ L ^\\V £ (-)\\ L1 \\u £ (r,-)\\ LP dT. 

Since ||^(-)|| L i < C\lne\ n ^ and by (26) and (24) we obtain 

IM*,0lk* < I C nnu 2 |vn ^ in i \lne\ n{ - a ~ 1+e ^ 

" v ' 7 " _ [ C(Zn|/ne|) m , n > 2, m > n/2 - 1 1 1 

+ f { C{ln\tne\r, n > 2, m > n/2 - 1 M^IM', 01 Mr. 
By Gronwall inequality 

\\u £ {t,-)\\ LP < { 5L n ,f ^ ^ ^ /0 -, l/nel^"^/ 2 ) 

ii ev i ' " - C(Zn|Zne|) m , n > 2, m > n/2 - 1 1 1 

exp(Cr{ c ^ n | Zn£ |jm j n >2, m>n/2-l ^ 

Thus, 

IK(t, Oik* < Ce~ N , 3N > 0, x G R n , t G [0,T), e < e , 1 < p < oo, c < 1 + 1/n. 
Consider /^-derivative, /3 € Ng, /3 > 1, of (27) 

dgu £ (t,x) = d%S n£ (t,x) *u 0£ (x) + / / d%E n£ (t-T,x-y)V £ (y)u £ (T,y)dydT. 

Jo JR™ 

Then, we have 

ll^(t,OI|LP < ||^5 n£ (t,0lk-||u O£ (0lk P /( P+ i) 
+ / ||5f5 n£ (t-r,x-0lkoc||y £ (0lki|K(r,0lk^r. 
Setting the regularization we obtain 

C, /3 = 0, n = l . |n(a _ 1+ /2 ) 



« e (*, 01k* < | C \ln\lne\) m , m > n/2 + /3 - 1, /3 > 0, n > 2 |Zn£ 

+ / { C(/njLe|)"\ m>n/2 + /?-l, /3 > 0, n>2 ^IM^OIMr. 
The moderateness of u £ (t,x) from the first step yields 

\\aP„ (+ \\\ <r / ^' /3 = 0, n = 1 j«(o-i+e/2) 
ll^^^r, -j|| LP s <y C (ln\lne\) m , m > n/2 + (3 - 1, /? > 0, n > 2 |me| 

+ (CT | ^J^^m m > n / 2 + /? - 1, p > 0, n > 2 ^ ^ - ° £ " 

3N > 0, x € R n , t € [0,T), 1 < < 1, c<l + 1/n. Thus, u e G 5 c i i£P ([0, T), R n ), 
1 < p < oo. 
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Concerning the uniqueness we should to solve the equation 

-d t W £ (t, x) = (A - V £ (x))W £ (t, x) + N e (t, x) 
i 

W £ {0,x)=N 0£ (x)eAf p , q (R n ), N e (t,x) GAA clj(LPiL9) ([0,T),R n ), 1 <p,g<oo, 

W £ (t,x) = ui £ (t,x) — U2 £ (t,x) where u\ £ {t,x) and U2 £ (t,x) are two regularized solu- 
tions to the equation (23). In integral form we have 

W £ (t,x) = S n£ (t,x) * N 0£ {x) + f ( S n£ {t - T ,x- y)V £ {y)W £ (T,y)dydT 

Jo Jr™ 

+ / / S n£ (t-T,x- y)N £ (r, y)dydr. 

JO JR" 

Then, 

\\W £ (t,.)\\ Lq < \\S ne (t,-)\\ L ~\\N 0e (-)\\ L9/(q+1) + [ t \\S ne (t-T,x--)\\ L ~\\V e (-)\\ lA 

Jo 



\\W £ (T,-)\\ Lq dT+ / \\S n£ (t - T,X - ■^WN^^W^/^dT. 

Jo 

Setting the regularization to obtain 

\\ W ^^-)W Lq ^ { C(ln\lne\) m , m > n/2- 1, n > 2 £ " 

+ ri^/?/ < hm ^ ,0 1 ^ \lne\ n ^\\W £ (T,-)\\ Lg dT. 
J [ C(ln\lne\) m , m > n/2 — 1, n>2 1 1 11 tv /M 

Gronwall inequality yields 

- { C(Zra|Zne|) m , m > n/2 - 1, n > 2 £ * 

«P ( CT { CW-ir, m > n/2 - 1, „ > 2 * C * 

Vs G N, x G R™, t G [0,T), e < e , c < 1 + 1/n. 
For the /^-derivative, /3 € Ng, /3 > 1, we have 

dPu £ (t,x) =d%S n£ (t,x)*N 0£ (x) + [ [ d%S n£ {t - t,x - y)V £ (y)u £ (T,y)dydT 

Jo Jr" 

+ f f d%S n£ (t -t,x- y)N £ (r, y)dydr, 
Jo Jr» 

and 

\\dgW e (t,-)\\ L , < \\dPs n£ (t,-)\\ L ~\\N 0£ (-)\\ Lq/iq+1) + f\\dPs n£ {t-T,x--)\\ L ^ 

Jo 

\\V £ (-)\\ Ll \\W £ (r,-)\\ Lq dr+ f \\d^S n£ (t - r,x - ■)\\ L ^\\N £ (r,-)\\ Lq/{q+1) dT. 

Jo 

By (25) we have 

\\dxW £ (t,-)\\ Lq < | Q(iJ^ ln£ ^m^ m > n / 2 + p- i > p > o, n > 2 £ " 
o { C(inMrrm> n/2 + /?-!, /5 > 0, n>2 M^ITOr, -)|Mr. 
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The first step of the induction yields 

\\d%W e (t,-)\\ Lq < | cllrfllne^m + 



1, (3 > 0, n > 2 



+(CT { C(ln\lne\) m , m > n/2 + (3 - 1, /? > 0, n > 2 £S t /ne l n(C ^ ^ CeS 

Vs £ N, £ G R n , t € [0, T), e < £o, under the condition c < 1 + 1/n where we 
supposed the (/n|/n£|)-boundedeness of the heat semigroup. □ 

Remark 5. Another possibility is to set (ln\lne\)-boundedeness of potential V £ (x) 
and (\lne\)-boundedeness of Schrodinger semigroup under the appropriate condition 
on the growth of the mollifier, or put the both to be (ln\lne\) -bounded. Everything 
leads to the same conclusion: existence-uniqueness results in Colombeau vector type 
spaces 5ci,(L9,L5)(PJ))R n ) for those 1 < p, q < oo for which corresponding space is 
an algebra with multiplication. 
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